This paper presents a derivation for the Cramér-Rao Lower Bound (CRLB) of image registration error using an isotropic fiducial mark.
I. INTRODUCTION
Fiducial marks have played important roles in many practical computer vision applications. For example, calibration objects used in many camera calibration techniques employ by fiducial marks located at known positions [1] , [2] . Fiducial marks printed on PCBs (printed circuit boards) or on integrated circuits are used for automatic inspection and manufacturing [3] , [4] , [5] , [6] . Fiducial marks can also be useful in augmented reality systems for registration of computer rendered objects and real scenes [7] , [8] .
The development of the fiducial marks involved two major topics. The first one is to design the placement of multiple fiducial marks to fulfill some requirements. For examples, Bruckstein et al. proposed an optimal solution for placing fiducial marks such that the camera pose estimation error is minimized under a weak perspective projection assumption [7] . The second one is to design the pattern of a single fiducial mark to reduce the image registration error. In general, a good fiducial mark should fulfill an important requirement-to provide accurate image registration results with minimum area occupancy. This requirement is crucial since, in general, a fiducial mark of larger size can provide more accurate and robust registration results than fiducial marks of smaller size.
However, it is desired that fiducial marks should be reasonably small because they are not the image of interest.
In the design of the fiducial mark, it should be kept in mind that the fiducial mark will eventually be sampled and digitized for performing digital image registration. Aliasing effects due to excessively low sampling frequency will make image registration more difficult as the sampled image may greatly deviate from the original. Therefore, in addition to the requirements presented, it is desired that a good fiducial mark should be band-limited so that the original fiducial mark can be reconstructed from the sampled image. This paper focuses on designing the pattern of an isotropic fiducial mark, such that the image registration error using the designed fiducial mark is minimized.
A. Related Work
Bose and Amir analyzed several binary fiducial marks in different shapes and found that an isotropic fiducial mark provided the best sub-pixel registration accuracy among the fiducial marks studied [3] . Bruckstein et al. proposed an optimal 1-D binary fiducial that can achieve a registration error of ¾ with a length of pixels [9] .
Efrat and Gotsman analytically derived the lower bound of registration error using two types of isotropic fiducial marks of radius [5] . The first type of isotropic fiducials analyzed in [5] is a solid disk and the second one is the so called bullseye fiducial (concentric rings with different widths) which is extended from the optimal 1-D fiducial proposed in [9] . This work showed that, theoretically, the bullseye fiducial is superior to the solid disk DRAFT fiducial. Binary fiducial marks are useful for PCB industry as it is difficult to print multiple-gray-level patterns on PCBs. However, for applications that need to improve registration accuracy or to reduce the size of fiducial marks, a gray scale pattern is a good alternative. Chiorboli and Vecchi showed that sub-pixel registration accuracy can be improved by one order of magnitude if multiple-gray-level images, instead of the binary ones, are used [4] .
B. Organization of This Paper
In section II, an analytical derivation of an approximate CRLB for image registration error is developed using a band-limited fiducial mark. Section III summarizes the criteria for designing an isotropic fiducial mark and the formulation of a quadratic programming problem for computing the profile. In section IV, simulation results are presented to verify the accuracy of the designed fiducial mark. Conclusions are given in section V.
II. CRAMÉR-RAO LOWER BOUND OF IMAGE REGISTRATION ERROR
Assume that the intensity function of an isotropic fiducial mark is given by
Ø , is the center of the fiducial mark,
is the radius of the fiducial mark, ´Êµ is the profile of the fiducial mark, and is the constant background intensity.
Notice that intensity value is a relative quantity. Therefore, without lost of generality, the background intensity, , can be set to zero.
Suppose that the dimension of the sampled fiducial mark for image registration is´¾Ò · ½ µ ¢´¾Ñ · ½ µ . Also, suppose that the horizontal and vertical pixel spacings of the sampled image are AE Ù and AE Ú , respectively, so that an image location´Ù Úµ (in pixels) can be converted to 2-D image coordinates as´Ù AE Ù Ú AE Ú µ.
Denote the sampled image of the fiducial mark as
where Ü Ù Ù AE Ù , Ý Ú Ú AE Ú and¯Ù Ú is the measurement noise having an independently identical Gaussian distribution with a zero mean and a variance ¾ . The joint probability density function of the measurement vector,
To derive the CRLB of the image registration error, four assumptions are made as follows:
1. Unbiased registration assumption: In practice, image registration using fiducial marks can be achieved very accurately. Therefore, it is assumed that there exists an image registration technique such that the registration results using the isotropic fiducial mark are unbiased. DRAFT 2. Band-limited assumption: In order to design a fiducial mark suitable for digital image processing, it is assumed that the fiducial mark is band-limited so that the sampled image does not suffer from aliasing effect if the sampling rate is high enough. Furthermore, it is assumed that the spatial sampling frequency in both the horizontal and the vertical directions are higher than the Nyquist rate.
3. Near-space-limited assumption: Notice that it is impossible to design a fiducial mark that is both band-limited and space-limited. However, since both printers and image grabbers will introduce quantization errors, variation of the intensity of the fiducial mark smaller than the quantization error is unobservable. A fiducial mark is said to be near-space-limited if its intensity fluctuation outside a finite area is smaller than the quantization error of the imaging system or the printing system. In the following analysis, it is assumed that the fiducial mark is near-space-limited.
4. Ideal sampling assumption: In the following derivation, we will assume that the image is sampled with an ideal sampling process (i.e., sampling aperture is infinitely small). This is an approximate sampling model since an image sensor cell has a finite size which will introduce a low-pass filtering effect. However, the low-pass filtering effect does not cause severe distortion of a band-limited fiducial mark; hence, the ideal sampling model is a very good approximation.
The CRLB [10] for an unbiased estimator is given by 
where
and ¼´Ê µ ´Êµ Ê . Substituting equation (7) into equation (6), we have the CRLB of the image registration error using an isotropic fiducial mark:
Ú . Based on the above-mentioned four assumptions, equation (8) can be simplified as follows (refer to Appendix A):
Notice that the derived CRLB in equation (9) is not suitable for analyzing the binary fiducial marks since they are not band-limited. Equation (9) will be used to design a band-limited fiducial mark. DRAFT 
III. DESIGN OF A BAND-LIMITED ISOTROPIC FIDUCIAL MARK
In this work, the fiducial mark is designed based on the following guidelines:
1. The fiducial mark should have an isotropic intensity function so that we only have to design its 1-D profile.
2. The profile of the fiducial, ´Êµ, should be band-limited. It can be easily shown that if the 1-D profile, ´Êµ, is band-limited, then the 2-D intensity function, ´Ü Ý µ is also band-limited. Using a band-limited fiducial mark for image registration can prevent the aliasing effect and thus can improve the registration accuracy.
3. For practical consideration, the intensity of the fiducial mark should has a finite lower bound Ñ Ò and a finite upper bound Ñ Ü .
4. Since the intensity of a band-limited fiducial mark always varies smoothly, the intensity of the fiducial mark should gradually fade into the background. Thus, if the background color is , then should be in the range of Ñ Ò Ñ Ü ; otherwise, it will be impossible to design a band-limited fiducial mark.
5. The fiducial mark should be near-space-limited, i.e., ´Êµ ØÓÐ if Ê , where ØÓÐ is a given intensity tolerance level which is usually specified to be smaller than the quantization error of the imaging system or the printing system.
6. The fiducial mark should be able to provide accurate image registration results. In order to achieve this goal, the derived CRLB in equation (9) should be minimized.
Based on the above-mentioned guidelines, the fiducial design problem can be converted to the following constrained maximization problem:
subject to the following constraints: Because the above constrained optimization problem has infinite unknowns and two different kinds of constraints (the first three constraints are in spatial domain and the last one is in frequency domain), it is very difficult to directly solve for a solution to (10) . In the following, an equivalent QP (quadratic programming) problem of (10) with approximate constraints will be formulated. Theoretically, the approximate problem can be designed arbitrarily close to the original one by increasing the number of constraints.
Since the sinc interpolation always results in a band-limited signal, we decided to parameterize the continuous intensity profile of the fiducial, i.e., ´Êµ, by a set of discrete samples of ´Êµ (which will be referred to as the
The critical samples are defined as £ ¸ ´ Ì AE µ, ½ , 2, ..., § ½, where §¸ ÌAE and ½ ÌAE is the Nyquist sampling rate. Thus, given a set of critical samples, one can reconstruct the following fiducial intensity profile:
DRAFT where × Ò ´Üµ¸× Ò´ Üµ Ü . Fig. 1 shows an illustrating example of reconstructing the intensity profile based on a set of critical samples. sinc interpolations the critical samples sinc function From equation (11), the first order derivative of ´Êµ can be derived as follows:
where × Ò ¼´Ü µ¸ × Ò ´Üµ Ü . Substituting (12) into (10), we have
where £ ¼ ½ ¡ ¡ ¡ § ½ Ø , and À Ö is an § ¢ § matrix whose Ö th entry is given by
Thus far we have converted the original objective functional exactly into a quadratic function of the critical samples, and now we will show how the original constraints of ´Êµ are converted to constraints of the critical samples. The first step of converting the constraints is to compute the following sinc interpolations based on the critical samples:
by using (11) , where Ã is a positive integer representing the number of interpolations to be made between two successive critical samples (refer to Fig. 1 ). Because the interpolation results, 's, are linear combinations of the critical samples as shown in equation (11), the constraints can be expressed concisely in matrix form and the original constrained optimization problem can be converted to the following QP problem:
subject to the following inequality constraints:
wherē Ö is a Ã ¡´ § · µ ¢ § matrix, whose Ö th entry is given by
is a large enough positive integers such that if Ü then × Ò ´Üµ ¼, and is a ¾ Ã ¡´ § · µ ¢ ½ vector whose Öth entry is given by
Notice that maximizing equation (15) is equivalent to minimizing £Ø À £ . Since À is at least a positive-semidefinite matrix, the equivalent minimization problem is a non-convex programming problem. Therefore, most of the existing QP solutions can provide only local optimal solutions. Several local optimization techniques for solving the above QP problem can be found in [11] and [12] . One can also try some global optimization methods, such as the simulated annealing algorithm [13] , the genetic algorithm [14] , etc., to solve the QP problem. However, according to our experience, the active set method [12] , a local QP solution implemented in Matlab, can provide very satisfactory results.
The spectrum of the designed fiducial profile can be computed as follows: . Notice that the initial feasible solution for the QP problem were automatically determined by Matlab with a linear programming method. Fig. 2(a) shows the non-band-limited sawtooth fiducial marks which were synthesized for comparison, and Fig. 2(b) shows the designed band-limited fiducial marks. The profiles of the fiducial marks are shown in Fig. 3 where the computed critial samples are marked with asterisks. To explore the frequency domain properties of the fiducial marks shown in Fig. 3 , the Fourier integral of the profiles are computed and shown in Fig. 4 , where the spectrums of the band-limited fiducial marks have been derived in (19), and the spectrums of the sawtooth fiducial marks are computed by using Mathematica, a software package supporting symbolic computation. The Nyquist frequencies corresponding to different sampling periods are marked with vertical lines. According to Fig. 4(a) , the sampled sawtooth fiducial marks will suffer from severe aliasing effects because they are not band-limited.
To assess the accuracy of the band-limited fiducial marks, we have performed a series of computer simulations.
In the computer simulations, we have taken the effect of finite sensor cell size into account. Since the sensor cell is not infinitely small, the detected gray level is actually an average of the fiducial intensity projected onto the area of the sensor. To simulate this phenomenon, the continuous fiducial function was uniformly over-sampled over the area of each sensor cell for 256 times and the sampled results were then averaged. The averaged intensity values were digitized to 256 gray-level and pseudo Gaussian noise was added to simulate the real imaging process. In order to avoid saturation of the intensity values, the maximum and minimum gray levels of the images were set to 200 and 64, respectively. Two synthesized images, which were clipped from two 480 by 640 images, of the sawtooth fiducial mark and the band-limited fiducial mark are shown in Fig. 5(a) and Fig. 5(b) , respectively .
In practice, estimation of the location of the fiducial marks involves two major steps. The first step is to locate the fiducial mark to pixel-level accuracy. Image block matching techniques can be used to provide satisfactory results. The second step is to refine the fiducial location to sub-pixel accuracy by minimizing the following registration error function using a nonlinear optimization method:
where ´Ü Ý µ is the fiducial intensity function, and Á´Ü Ýµ is the sampled noisy digital fiducial image. In the computer simulations, the first step is omitted and the true value of the fiducial center is directly used as an initial estimate for the subsequent optimization process.
In the first experiment, we tested the robustness of the fiducial marks against the amount of the white Gaussian noise which was added to the intensity value of each pixel. The sample means, Ü¼ and Ý¼ , and the standard deviations, Ü¼ and Ý¼ , of the estimated fiducial center are computed using the simulation results of 50 random trials. The simulation results are shown in Fig. 6 . Notice that both Ü¼ and Ý¼ do not attain the CRLBs. This is partially because the effect of finite sensor cell size was not taken into account in designing the fiducial mark;
hence, some high frequency components of the fiducial mark slightly decayed when the fiducial mark is imaged.
For comparison, we have also tested the fiducial mark with saw-toothed profile. The simulation results for the sawtooth fiducial marks are shown in Fig. 7 . Although the sawtooth fiducial marks contains much more high DRAFT frequency components than the band-limited ones do, the registration error of the sawtooth fiducial marks is still worse than that of the band-limited fiducial marks as we expected.
In the second experiment, we tested the influence of centering the fiducial mark at non-integer-grid locations.
Ideally, the registration result of a fiducial mark should not be influenced by its location. However, if the fiducial mark is not band-limited, then the sampling location is very critical. Due to aliasing effect, sampling a non-bandlimited fiducial mark at different locations will result in different images. In the computer simulations, the fiducial mark is initially centered at the image coordinates, (320, 240), and then we incrementally shift the fiducial image by 0.1 pixels to the right in the horizontal direction until the fiducial mark reaches image coordinates (320.9, 240).
At each location, 50 random trials were performed to obtain the mean and deviation of the estimated fiducial center. The simulation results for the band-limited and sawtooth fiducial marks are shown in Figs. 8 and 9, respectively. Notice that, since the designed fiducial mark is band-limited, the estimation results are independent to its location; whereas the estimation results of a sawtooth fiducial mark become biased when it is not located at integer-grid locations.
V. CONCLUSIONS
This paper proposed an approach for designing isotropic fiducial marks. The CRLB of the image registration error using a band-limited and near-space-limited isotropic fiducial mark is derived. Desired properties of a fiducial mark have been identified and have been transformed into linear constraints. The derived CRLB is used as one of the criteria for determining the fiducial pattern. It has been shown that the fiducial mark design problem can be formulated as a QP problem. If the global optimal solution to the QP problem can be obtained, then the resultant fiducial mark is the optimal band-limited fiducial mark. It is optimal in the sense that it has the lowest CRLB. It should be noted that, since all unbiased image registration methods share the same CRLB [10] , whichever unbiased registration method is used, the optimal band-limited fiducial guarantees the smallest CRLB.
The main contribution of this paper is summarized in the following:
1. The CRLB for the image registration error using an isotropic fiducial mark is developed. The derived CRLB is a functional of the profile of the isotropic fiducial mark.
2. A parameterization method of the fiducial profile has been proposed such that the designed optimal fiducial mark is intrinsically band-limited. Being band-limited is a very important property for fiducial marks designed for digital image processing.
3. The fiducial mark design problem is converted to a quadratic programming problem with finite number of unknowns and thus can be solved efficiently. 
where Ö´Ü Ýµ and ´Ü Ýµ are the Öth and th entries of ´Ü Ýµ, respectively. Since ´Ü Ý µ is band-limited, every entry of ´Ü Ýµ is also band-limited and can be recovered from sinc interpolation of discrete samples:
By substituting equation (23) into (22), and noting that (refer to Appendix B)
we have
Thus, equation (21) holds and equation (8) can be simplified as follows:
II. PROOF OF EQUATION (24)
Since sinc function is an even function, equation (24) 
